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A COUPLED MODEL FOR WATER FLOW, AIRFLOW AND
HEAT FLOW IN DEFORMABLE POROUS MEDIA
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ABSTRACT

A fully coupled numerical model to simulate the complex behaviour of soil deformation, water flow, airflow,
and heat flow in porous media is developed. The following thermal effects are taken into account: heat
transfer through conduction and convection, flow, as well as viscosity and density variation of the fluids
due to temperature gradients. The governing equations in terms of soil displacements, water and air
pressures, and temperature are coupled non-linear partial differential equations and are solved by the finite
element method. Two examples are presented to demonstrate the model performances.
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NOMENCLATURE
Subscripts or superscripts k, absolute permeability
. k, relative permeability
a ar dynamic viscosit,
w water K yna y
. P density
s soil T temperature
4 air, water,or soil ] the I:neal conductivit
h horizontal i r iy
v vertical Q heat source or sink
p thermal expansion coefficient

Other symbols ¢ heat capacity

f K bulk modul
q ux ulk modulus
atm atmospheric condition u, displacement
ref reference condition &; strain
0 initial conditions del; strain caused by thermoelastic expansion

(overbar) boundary conditions def; plastic strain increment
r boundary oy total stress

)

n, normal vector at boundary oy modified effective stress
p pressure o Biot’s constant
g, capillar.y pressure Dy Lar:jgel;t matrix

saturation i ody force
W velocity
¢ permeability

INTRODUCTION

A fully coupled model to simulate isothermal water flow and airflow in deforming porous media
has recently been proposed by Schrefler and Zhan'. This model is now extended to also take
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532 B. A. SCHREFLER ET AL

into account nonisothermal conditions. A proper model for heat and mass transfer in partially
saturated porous media should consider in addition to the linear momentum balance equation
for the whole mixture (equilibrivm equation), an energy balance equation taking into account
latent heat transfer and at least two mass conservation equations. These last two equations result
from the sum of the mass conservation equations of the separate phases considered in the
simulation. More traditional methods used complex transfer coeflicients?. A numerical solution
of a full model of the first type described above does not yet exist to our knowledge and the
model presented in this paper is only a step towards this goal.

Only few published solutions can be found for heat and mass transfer in unsaturated deforming
porous media. This appears clearly from the extensive survey by Alonso et al.® on the general
topic of partially saturated porous media. The following publlcatlons are chosen to point out
the different approaches present in the literature.

A one-dimensional heat and moisture transfer model in a rigid unsaturated soil was presented
by Dakshanamurthy and Fredlund®. The model considers liquid flow (no vapour flow), gas flow
and heat flow equation, which is uncoupled from the other two conservation equations. The
liquid flow equation neglects flow due to temperature gradient and the heat flow equation
considers only flow due to conduction. The permeability is constant as well as the density of
the mixture. Thomas® used one moisture continuity equation which describes both liquid and
vapour flow. De Vries’ theory with modifications along the lines of Luikov’s work® is used in
the heat conservation equation. No solid deformation is considered. The variables are temperature
and volumetric moisture content. Capillary potential and temperature were used in a more recent
paper by Thomas and King” for heat and mass transfer analysis in rigid unsaturated soil. Baggio
et al.® presented a model for rigid matrix with three conservation equations: one for energy, one
for dry air, and one for water phase (liquid and vapour). In the energy balance equation latent
heat transfer and convection are accounted for. Geraminegad and Saxena® put forward a
thermoelastic model for heat and mass transfer in partially saturated soil. A modified version
of Philip and de Vries’ formulation is applied in the heat transfer equation. Two mass transfer
equations are used and the variables of the model are temperature, capillary and gas pressure.
The model incorporates only volumetric soil deformation and neglects hence soil deformation
due to external loading. A model for heat and mass transfer in deforming geothermal reservoirs
was presented by Lewis et al.!°. In that instance capillary pressure effects can be neglected so
that a unique continuity equation for both steam and water was used.

From this short survey it follows that there is ample space for a model for unsaturated
nonisothermal flow in deforming porous media such as that one presented in the following.
Demand for such a model also results from the design of nuclear waste disposal sites in clay or
salt deposits, where not always fully saturated situations prevail and mechanical aspects become
important.

Our model solves by means of the finite element method the linear momentum balance equation
for the whole mixture, the mass balance equations for solid, air and water and the energy balance
equation again for the mixture. It makes use of the modified effective stress concept together
with the capillary pressure relationship. In the presented formulation, the mass balance equation
for the solid is summed with the mass balance equations of the fluids!!. The primary variables
are displacements of the solid skeleton, water pressure, air pressure and temperature. At this
stage the model neglects latent heat transfer, but considers heat transfer through conduction
and convection and flow both due to pressure gradient and to temperature gradient. The limits
of its applicability are indicated in the next section, where the physical model is presented in
more detail. Two examples reported at the end of the paper demonstrate that the model and
its solution procedure are reasonable and applicable. The first example is used for validation of
the model and comparisons are made with the results of a fully saturated simulator'? for several
sets of parameters. Partially saturated conditions are then analysed. The second example,
previously analysed in Reference 4, shows the potential of the model in a case of thermal
transport, simulating in a simplified way, evaporation and infiltration at a boundary surface.
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THE PHYSICAL MODEL

The physical model is the same as that in Reference 1. Here and in the following sections only
the modifications due to the introduction of non-isothermal conditions are shown.The capillary
pressure, relating water pressure p,, and air pressure p,, is now a function of the water saturation
S.. and temperature T

pc=p{S..T) (N

Relation (1) is experimentally determined and usually shows hysteresis, which, at present, is
disregarded. Equation (1) is numerically inverted to obtain,

Sw=8upsT) Y

For the constitutive law of the solid phase a modified effective stress tensor o7; is used, as defined
in Reference 11:

o7;=0;+ad;p (3
where g;; is the total stress tensor, « is the Biot’s constant and
P=Sps+ 8. 4

represent a fluid averaged pressure.
The constitutive relationship for the solid skeleton is now,

da;"j=Dijkl(dskl"dekrl_dafx) (5)

where de[,=6k,£;5d’1', is the strain caused by thermoelastic expansion; def; the plastic strain

increment and Dy, is a temperature dependent tangent matrix. Thermal equilibrium is assumed
between soil, air and water. This implies that the temperature is the same for the three constituents.
The temperature is assumed to be always far below the critical temperature of water. This
excludes the modelling of geothermal reservoirs with high temperatures. Furthermore phase
change phenomena (evapo-transpiration) must be negligible. Our model allows to evaluate the
influence of visocosity and density variation due to temperature gradients. As a first approach
all the heat transfer phenomena are taken into account in the experimentally derived constitutive
equation for the effective thermal conductivity tensor 4;4S,.7) and in convection effects. The
model applies furthermore only to geomaterials where the main mass transport mechanism for
the aqueous phase is flow of liquid water. Investigations are at present made to eliminate all
these limitations.

GOVERNING EQUATIONS

We consider only slow phenomena and small displacements. For a full account of the theory,
using more complex arguments which confirm the equations derived below, the interested reader
is referred to References 11, 13 or 14.

Thelinear momentum balance equation for the whole mixture, in terms of total stresses reads as,

Oxix+pbi=0 . (6)

where p is the mixture mass density and b; is the specific body force.
The linear momentum balance equation for each fluid phase yields Darcy’s law!>,

“’nzt:kn(—pn.i‘*‘pnb?) T=w,a (7)
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where the permeability of the medium to the = fluid,
k.
kp=—k,p t3]
Hy

is now temperature dependent, mainly because of dynamic viscosity pu, = (7).
The mass balance equations for the fluid phases!,

a—n .
pnsn f’+apnsnéii'*'npnsn'*'(pnw?).i+Snn/"7r=0 (9)

3

is now transformed to account for the densities dependence on pressure and temperature. Equation
(9) also allows to take into account flow due to temperature gradient. Fron the equation of state
for the fluid phases, we have'?,

Pr_Pr_g (10)
P Ki

The solid density rate Ps Which is contained in the first term of (9) and is expressed in isothermal

Ps
condition as p/K,, becomes now,

ps_ P
Ps_P _ T 11
o K, Bs (11)
Because of the temperature dependence of S, through equation (2), we have,
. 0S, oS, .
S,=—p+—T 12
o AT (12)
and hence
és, oS, |. oS,
=[Sw+(pa u) ]pn [ a_(pa—pw)_:ipa_(pa—pw)mT (13)
cp. op, or

The mass balance equation for water and air, after introduction of Darcy’s law and equations
(10), (11) and (13), arc then written, respectively, as,

p.S:x—n) p.S wn:l . PSS —n) [ S.(x—n) S,
+ w et —— wle
[ K k. |” kK, K, P,
S, (x— ‘S
+ l: R n) (

KS PubDe 8_7: + Py (_36%..‘1 - [nﬂw + (1 - n)ﬁs]pusw] T+ 1[)“.3“1.(,-.,- + [pwkw( —Dw.i + pnbr)] is 0

A .
—=+np,— [(pa—Pw)
op,

5 w 5

(14)

Pasz(’l—") pasan] . paswsa(a_”) . |:Sa(a_") aSw aSw] . .
+ a+ w al’c +n a a~ Fw
[ K, KTk TR P g PP

Salx— (S, .
+[—£(:;\,_n)papc ‘a +n pn ["ﬂa'*'(a ”)ﬁs]pasa] T+ apasalii.i'i' [paka(_pa.i+pab?)].i=0
(15)

In the nonisothermal case an energy balance equation is necessary for the whole mixture. By
neglecting mechanical heat generation, this balance equation may be written as'®,

pCT+8,p, Cowi Tit S,p,CveTi=(3yT)) 1+ 0 (16)
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where pC=(1—-n)p,C,+nS,p,.C..+nS,p,C, is the heat capacity, Q=(1 —n)p,Q0,+nS,.p,0.. +
nS,p,0Q, the source term of the mixture (the sum of the terms Q, of each constituent). The second
and the third terms are the heat transfer through convection. After introduction of equations
(10)-(13) and of Darcy’s law, the energy balance equation becomes,

1—-n)p,C as,, 28, 15,p.C., B |7

051 5 50 5]
Ks a (4 ap(‘ Kw apt

. as,, 95, , MI=S.)p.C 2
K, op o K e

(n—1)p,C, 05, as,,
—p. +(n-18,p,Ci+np, C.——uS B.p.C.,
{[ k. Por (n—1)B.p P Bup

as,, ,
—np,C, 5?"— n(l — Sw)ﬂ,,paca] T+ —=n)p,C,+nS,p,.C,.+n(l— Sw)paCa} T

- Swpwcwkupw.i T.'l' - Sapacakapa.l'T:i _(;'l'jT:j).l' - Q =0 (17)

In many situations the temperature and pressure dependence of p, can be neglected for the
liquid phase in (16), eliminating several terms in (17).

It has to be reminded that the process under investigation is restricted by the second law of
thermodynamics'*. Equations (5), (14), (15) and (17) describe the coupled heat flow, water flow
and airflow in a deforming porous medium. For these equations we have to specify the initial
conditions,

w=up,  ps=py, T=T°att=0
and the boundary conditions,
u;=u; on I, o;m=t; on I, where I',uI',=T"
Pr=Pr 0N Iy kepr i+ pabiIi— =0 on I'pz where Ty UT =T
T=TonTIy
(8,0, Cowi +8,0,C W) Ty — 2T ;;—qr=0 on I'y where [';Ul’, =T (18)

n; representing the outward normal of the boundary.

DISCRETIZATION AND SOLUTION

The discretization process is identical to that described in Reference 1. In addition to the variables
u; p.» and p, we have now also T. To obtain the weak form of the energy balance equation we
use a Galerkin formulation'? and terms involving second spatial derivatives are transformed
through Gauss’ theorem.

Using matrix notation, the discretized equations are,

j Bfa"dQ + Cswbw + Csapa + CsrT = i's
Q

C,t+P, p,+C.p.+H,,.p,+C.T=1f,
Casﬁ + Cawpw + Paapa + Haapa -+ CatT = i‘a
Clwi’w+ Ctaﬁa+ P"T+ H"T=fl (19)

The matrices are listed in the appendix. Equation (19) forms a coupled nonsymmetric and
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nonlinear system of ordinary differential equations in time. This can be concisely written as,
Ax+Cx=F (20)

where x={up,.p,. T} and the matrices A, C, and F are obtained by inspection from (19). For
the solution we use the generalized mid-point method which yields the recurrence scheme,

(A+0AtC)x, ., =[A—(1—-0)A!C]x,+AtF  0<0<1 (21)

The matrices are evaluated at n+0. Because of the nonlinearities involved a solution scheme of
the fixed point type is used within evey time step. In this scheme the first term of the first equation
(19) is substituted by the tangent stiffness matrix K;!7. As far as the error analysis for the solution
is concerned, this can be carried out in the same way as in Reference 1 or, with more detail, in
Reference 18.

CONSTITUTIVE EQUATIONS AND TEMPERATURE DEPENDENT PARAMETERS

Soil constitutive models including temperature effects reported in literature are rather limited.
Such models can be found, e.g.in References 19-21. The equations of state for water and air,
including temperature, are already reported in Reference 1. Other temperature dependent
parameters such as the dynamic viscosity of water, relative permeability of water, thermal
expansion coefficient and heat capacity of water can be found in Reference 12. Relative
permeabilities of air and water are also reported in Reference 22. The relationships between
relative permeabilities of water and air, the saturation of water and the capillary pressure proposed
Brooks and Corey?? are used in the numerical simulation. No changes in these relations due
to nonisothermal conditions are introduced.

VALIDATION AND APPLICATION EXAMPLES

Firstly the code based on the theory outlined above is validated with respect to fully saturated
nonisothermal consolidation. For this purpose a thermoelastic one-dimensional consolidation
problem is solved and compared with a previous solution!2. The same problem is then solved
in partially saturated conditions.

A column of linear elastic material is subjected to an external surface load of 1000 N/m? and
to a surface temperature jump of 50°C above the reference temperature T,,, of the column. The
boundary conditions are:

e lateral surface u,=0, q,.,=0, q,=0, ¢ =0;
e top surface p,.=pPum Pa=Pom T=T,.r+50°C;
e bottom surface u,=0, q,,=0, q,=0, q;=0.

The initial condition for temperature is T=T,,, and initial pressures p,, and p, depend on initial
saturation profile as described later. For comparison purposes, the same material properties of
the referenced solution!? are used:

elastic modulus E=6000 kPa

poisson ratio v=04

permeability k=4x10"%m/s

porosity n=0.5

thermal conductivity 2=0.2 kCal/m/°C/s

fluid viscosities 1,=1x1073 p,=1x 107 Ns/m?
thermal expansion coefficient B,=09x1075, B,=0.63x107°°C™!
heat capacity pC=40 kCal/°C kg

densities ps=2000, p,.= 1000, p,=1.22 kg/m?
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Figure | Soil column and finite element spatial discretization

The bulk modulus of water phase and solid phase are 0.43 x 10'* N/m? and 0.14 x 10'3 N/m?,
respectively, whereas for air the equation of state of a prefect gas is used. The width of the
column is 2 metres and the depth 7 metres, as shown in Figure 1, where the spatial discretization
is also presented.

Temporal discretization is performed with an initial step of 0.01 days and multiplied by 10
after repeating 10 steps until 10° days, the required time of analysis.

The problem is solved with three different physical conditions as far as the saturation is
concerned: 1) fully saturated, 2) initially homogeneous saturation 0.92, and 3) initial linear
distribution from 0.92 at the top surface to 1.0 at the bottom surface. Figure2 shows the
temperature distribution versus time for different nodes. The distributions are practically the
same for the three studied cases where also two different values of the thermal expansion
coefficient of water B,,=0and B,,=0.63 x 107 °C ™! were assumed. This depends on the selected
heat capacities and on the saturation distribution which is always high. The same values were
obtained as for the fully saturated case in Reference 12 with a different code, as indicated in
Figure 2. In Figure 3 vertical displacements for selected points are presented for cases 1) and 2).
The effect of partial saturation upon the reduction of the consolidation phase is remarkable at
onset of the phenomenon, whereas the swelling effect due to temperature is considerable at high
time values for both cases. Figure 4 depicts the temperature effects on vertical displacements at
different points within the column in case 3). For comparison reasons also the isothermal solution
is shown, as well as an isothermal solution obtained with a different code under static air phase
assumption, i.e. the air phase remains at atmospheric pressure. In this example the swelling of
the sample is only due to temperature effects. Figure5 shows the comparison of saturation
histories with isothermal and nonisothermal effects.

As a next example, the problem solved by Dakshanamurthy and Fredlund® is solved. The
model applied by the two above authors was shortly discussed in the introduction. The problem
is that of moisture and heat flow in an unsaturated subgrade soil below a highway or airfield
pavement due to the effect of environmental change. The subgrade system is assumed initially
in a state of equilibrium. Then sudden environmental changes are imposed at the boundary,
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Figure 2 Temperature variation versus time at different nodes, squares indicate solution from Lewis and Schrefler!?
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Figure 3 Comparison between saturated (solid line) and unsaturated, S,,=0.92, (dotted line) solution

where evaporation or infiltration builds up an excess pore water pressure, respectively positive
or negative with respect to the equilibrium state. This overpressure and temperature gradient
cause simultaneous flow of water and air. In the present fully coupled simulation, the same
constitutive relationships are used both for the infiltration (wetting) and evaporation (drying)
case. Hysteresis effects are hence disregarded. Obviously the computer code can handle different
relationships, even though the presence of wetting and drying in the same simulation results in
further difficulties for the numerical analysis. Again the soil deformation is taken into account.
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Figure 4 Comparison between nonisothermal (dotted line) and isothermal (solid line), squares indicate solution for

isothermal case and static air phase assumption for unsaturated case 3
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Figure5 Resulting saturation versus time for nonisothermal (dotted line) and isothermal (solid line) analysis for case 3

The initial conditions are: T=10°C, p,= 102 000 N/m?, p,,= —420000 N/m? for infiltration case

and p,,= —280000 N/m? for evaporation case respectively.
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The boundary conditions are:

e lateral surface u,=0, q,,=0, q,=0, g+=0;

e top surface T=25°C, p,=102000 N/m?, p,= —280000 N/m? for infiltration case and
p..= —420000 N/m? for evaporation case respectively;

e bottom surface u.=0, ¢q,.=0, q,=0, q+=0.
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Figure6 Profile of the temperature during consolidation. Dotted lines are redrawn from Dakshanamurthy and Fredlund*

Time stepisinitially one hour and then increased by one order after ten steps until 1000 hours.

In the following figures, where possible, our results are compared with those of Reference 4.
Figure 6 shows the comparison of the temperature within the clay layer as a result of an increase
in the temperature from 10°C (283.2°K) to 25°C (298.2°K) under evaporation condition. The
figure illustrates how the imposed thermal increase at the surface is slowly transferred to the
bottom of soil and equilibrium with the new boundary condition is eventually reached. The
same diagram is obtained also for the temperature increase under infiltration conditions. The
different behaviour of our model when compared with Reference 4 is mainly due to the temperature
and pressure dependence of the air density through the state equation of a prefect gas. Figure 7
depicts the comparison of the pore water pressure distribution throughout the clay layer due
to a change in the pore water pressure at the top surface. The pore water pressure was initially
—280kPa, and then changed to a value of —420kPa instantaneously, assumed due to
evaporation. Here the difference in time transient behaviour is enhanced due to the difference
in the models. Figure 8 shows the corresponding pore air pressure distributions throughout the
clay layer under volume decrease or consolidation process and Figure 9 presents the distribution
of saturation throughout the clay layer, under the consolidation process which is shown in
Figure 10. The following Figures depict the reverse processes, i.e. infiltration conditions are here
considered together with the same temperature increase as in Figure 6. Figure 11 depicts the
comparison of the pore water pressure distribution in the clay layer. Recalling that the
pore water pressure was initially —420kPa, and then suddenly changed at the boundary to a
value of —280kPa to simulate infiltration. Figure 12 presents the distribution of saturation
throughout the clay layer, under the swelling process. From the different behaviour of the
compared models it appears important to take into account temperature and pressure dependence
of the fluid parameters as well as airflow due to temperature gradicnts.

To assess the effect of the deformability of the solid skeleton on the other involved fields, a
further numerical simulation was performed using the same parameters are above, except for
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Figure 13 Profiles of water pressure during swelling for a deformable (solid lines) and a very stiff soil (dotted lines)

the soil Young's modulus, which was assumed 100 times larger. Figure I3 shows the obtained
results in terms of water pressure for the swelling case. This influence is evident, mainly at
intermediate times of the analysis and results in a slower dissipation of the pressure change when
deformable soil is considered.

CONCLUSIONS

A fully coupled model for simulating the complex behaviour of multiphase fiuid and heat flow
in deformable porous media has been presented. The model consists of a group of nonlinear
and coupled partial difference equations, namely, (1) the equilibrium equation for soil; (2) the
continuity equations for aqueous and non-aqueous phase fluids; (3) the energy conservation
cquation. These equations are solved by the finite element methods and soil displacements,
aqueous and non-aqueous phase fluid pressure, and temperature are the unknown variables.
Several thermal effects are taken into account such as flow due to temperature gradients,
temperature dependent soil parameters and capillary pressure relationship and heat transfer
through conduction and convection. The validity of the approach hs been demonstrated by two
cxamples. Further developments of this model will include also latent heat transfer which becomes
important when the temperature gradients are no longer small.
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APPENDIX

The matrices in the discretized equations (19) are shown here in detail, using the notation of
Reference 12.
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